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CHAPTER 1

INTRODUCTION

The main objective of this thesis is to have a better understanding of algo-

rithms for nonsmooth optimization problems

min
x∈Rn

f (x)

where f is in general assumed to be convex and continuous, though not differ-

entiable at all points.

There are several categories of algorithms that are often used to solve such

optimization algorithms. One category is variants of the subgradient method,

an extension of gradient methods in smooth optimization. Another category is

variants of proximal point method, which minimizes the original function plus

a quadratic minimizer. Neither of these two categories of methods are ideal,

for different reasons: the performance of subgradient methods relies heavily

on the choice of an adequate step size, and the proximal point method is only

computable for specific examples of objective functions.

In this thesis, we will explore a class of algorithms called the proximal bun-

dle method, which takes ideas from both subgradient method and proximal

method above. Specifically, the bundle method can be stated equivalently in

primal and dual form. The dual formulation of the bundle method corresponds

to a smoothed version of subgradient descent, and the primal formulation cor-

responds to applying proximal point method on a cutting plane approximation

of the objective function. In this sense, the proximal bundle method is theoret-

ically an elegant construct, in the sense that it does not depend on a step size

parameter, and it is always computable via solving a quadratic program at each
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iteration.

However, in practice, while the proximal bundle method works well in

terms of requiring relatively fewer number of iterations compared to other al-

gorithms, it is expensive to compute the solution of a quadratic program at each

step. Moreover, each iteration of the method becomes increasingly difficult to

compute, as the number of constraints in the quadratic program may grow with

the number of iterations. Thus, an interesting question to ask is whether we can

extrapolate a better iterate from the first k iterates, assuming that computing the

next iterate may be very slow or even impossible.

Such ideas lead us to consider the nonlinear acceleration algorithm, which is

a general acceleration routine that computes the best linear combination of the

first k-iterates to accelerate an optimization algorithm. Whether such accelera-

tion methods can indeed accelerate the proximal bundle method is still under

research, and we hope this thesis could give some pointer on how we may ap-

proach this question.

The structure of the thesis is as follows. Chapter 2 provides some basic pre-

liminaries in optimization that will be used in later chapters. Chapter 3 gives an

introduction to the proximal bundle method, and presents some experimental

results on its performance compared to other algorithms 1. Chapter 4 introduces

the nonlinear acceleration algorithm and its regularized variant, and ends with

a short note of how we may want to apply such acceleration routine to the prox-

imal bundle method.

1The code for the experiment section in the thesis can be found in the Github repository
https://github.com/mathreader/nonlinear-acceleration-bundle-method.
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CHAPTER 2

PRELIMINARIES

This chapter aims to set up notations and provide a brief summary of con-

cepts in optimization that will be used in later chapters. More details about the

definitions and properties in this chapter can be found in [1] and [8]. The reader

is encouraged to quickly skim the chapter and go on to the main text starting in

Chapter 3, and refer back whenever needed.

2.1 Classes of Functions

Our main goal is to minimize a function f : Rd → R over the extended real

numbers R = R ∪ {−∞,∞}. This is often written compactly as min
x∈Rd

f (x). We will

first define the domain of f as the region where f is finite.

Definition 2.1.1 (Domain of Extended-Value Function). We define the domain of

f by dom( f ) = {x ∈ Rd : f (x) < ∞}.

In most cases, we will assume f to have certain nice properties that allow

us to find minima easily. Such properties fall into one of the several categories

below:

(1) Finiteness of Objective Value: While we allow the objective function to

take values +∞ or −∞, we often would like to make sure our optimum is finite

(and thus the optimization problem is nontrivial). A condition that guarantees

is for f to be proper:

Definition 2.1.2 (Properness). We say f is proper if it does not attain −∞, and

dom( f ) , ∅.
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(2) Smoothness of Objective Function: A key property that many optimiza-

tion problems rely on is smoothness of the objective function f , to varying de-

grees. We start by looking at a weaker notion of continuity, that has nice inter-

play with minimization problems:

Definition 2.1.3 (Closedness/Lower-Semicontinuity). Let us define the epigraph

of f as epi( f ) = {(x, y) : f (x) ≤ y, x ∈ Rd, y ∈ R}. Then we say the function f

is closed if its epigraph epi( f ) is closed as a set. An equivalent definition is that of

lower-semicontinuity, which states that for any convergent sequence lim
n→∞

xn = x, we

have f (x) ≤ lim inf
n→∞

f (xn).

We also briefly list the standard definitions of (Lipschitz) continuity and dif-

ferentiability in analysis, just for completeness:

Definition 2.1.4 (Continuity). We say that f is continuous if for any convergent

sequence lim
n→∞

xn = x, we have lim
n→∞

f (xn) = f (x).

Definition 2.1.5 (Lipschitz Continuity). We say that f is Lipschitz continuous

with constant L > 0, if we have ∀x, y ∈ Rd, | f (x) − f (y)| ≤ L‖x − y‖2.

Definition 2.1.6 (Differentiability). We say that f is differentiable if for all x ∈ Rd,

the derivative f ′(x) = lim
h→0

f (x+h)− f (x)
h exists.

(3) Convexity: Convexity properties are often used in optimization to char-

acterize the minima of a function. This also comes in several different variants,

that we list below:

Definition 2.1.7 (Convexity). We say f is convex if for any t ∈ (0, 1) and x, y ∈ Rd,

we have

f (tx + (1 − t)y) ≤ t f (x) + (1 − t) f (y)
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in case where f is first/second-order differentiable, we can also write equivalent defini-

tions

f is convex⇐⇒ ∀x, y ∈ Rd , f (x) ≥ f (y) + ∇ f (y)(x − y)⇐⇒ ∀x ∈ Rd , ∇2 f (x) � 0

Stronger versions of convexity include the following:

Definition 2.1.8 (Strict Convexity). We say f is strictly convex if for any t ∈ (0, 1)

and x, y ∈ Rd, we have the strict inequality

f (tx + (1 − t)y) < t f (x) + (1 − t) f (y)

Definition 2.1.9 (Strong Convexity). We say f is strongly convex with parameter

m if we have for all x, y ∈ Rd,

〈∇ f (x) − ∇ f (y), x − y〉 ≥ m‖x − y‖2 ⇐⇒ f (y) ≥ f (x) + ∇ f (x)>(y − x) +
m
2
‖y − x‖2

or equivalently, if f is second-order differentiable, we have ∀x ∈ Rd, ∇2 f (x) � mI.

As a brief note for how this relates to optimization, there is a celebrated

theorem ensures that for convex f , the local minima are also global minima.

Also, if we have strict/strong convexity, then f has a unique minima on any

compact set.

2.2 Gradients and Subgradients

One of the most well-known optimization algorithms in convex optimization,

the (sub)gradient descent algorithm, uses information of the gradient and sub-

gradient. We start by introducing the definition of gradient for differentiable

functions:
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Definition 2.2.1 (Gradient). For differentiable f : Rd → R, we define the gradient

∇ f (x) = g(x) to be a function satisfying

∀y ∈ Rd , f (x + ty) = f (x) + t〈g, y〉 + o(t)⇐⇒ lim
t→0

f (x + ty) − f (x) − t〈g, y〉
t

= 0

it can be shown that the gradient is well-defined and unique.

We now introduce analogous notion of subgradient for convex functions that

are not necessarily differentiable.

Definition 2.2.2 (Subgradient/Subdifferential). For convex f : Rd → R, we say y

is a subgradient of f at x if we have

∀z ∈ Rd , f (z) − f (x) ≥ 〈y, z − x〉

the set of all subgradients of f at x is called the subdifferential of f at x, and denoted

by ∂ f (x). Thus, we often write y ∈ ∂ f (x) to indicate y is a subgradient.

Since the subgradient is not unique, we would like a way to pick a repre-

sentative from the subdifferential set. A natural idea is to pick the subgradient

closest to 0, as in the following definition of shortest subgradient.

Definition 2.2.3 (Shortest Subgradient). Let f : Rd → R be proper and convex, and

x ∈ int(dom( f )) be in the interior of domain of f . Then there exists a unique solution to

∂0 f (x) = min
g∈∂ f (x)

‖g‖2

and we call ∂0 f (x) the shortest subgradient of f at x.

We will use several properties of subgradients, listed here:

Theorem 2.2.4 (Properties of Subdifferential). Let f , g be convex functions, and

h : R → R be a nondecreasing convex function. Then we have the following properties

for subdifferential
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• (1) Sum rule: For x ∈ int(dom( f )) ∩ int(dom(g)), we have

∂( f + g)(x) = ∂ f (x) + ∂g(x).

• (2) Chain rule: If h is differentiable at x ∈ int(dom( f )), then we have

∂(h ◦ f )(x) = h′( f (x))∂ f (x).

• (3) Optimality condition: We have 0 ∈ ∂ f (x) if and only if f (x) = inf
x∈Rn

f is

optimal.

2.3 Directional Derivative and the Max Formula

A related notion to subgradients that will be useful to us is the directional

derivative:

Definition 2.3.1 (Directional Derivative). Let f be proper and convex, let x ∈

int(dom( f )), and let d ∈ Rn represent some direction. Then the directional derivative of

f at x in direction d always exists, and is defined by

f ′(x, d) = lim
α→0+

f (x + αd) − f (x)
α

Directional derivatives are related to subgradients via the max formula:

Theorem 2.3.2 (Max Formula). Let f be proper and convex, then for any x ∈

int(dom( f )) and d ∈ Rd, we have

f ′(x; d) = max{〈g, d〉 : g ∈ ∂ f (x)}
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2.4 Set-Valued Mappings

In the treatment of some later chapters, we will consider the subdifferential op-

erator ∂ f itself as a function, mapping from x ∈ Rn to a subset of ∂ f (x) ⊆ Rn. Here

we present a more formal definition of this from variational analysis, taken from

[8, Chapter 5].

Definition 2.4.1 (Set-Valued Mappings). We say that S is a set-valued mapping

from Rd1 to Rd2 (denoted by S : Rd1 ⇒ Rd2) if for each x ∈ Rd1 , we have S (x) ⊆ Rd2 being

a subset of Rd2 .

In some cases, we need to define when such set-valued mappings are con-

tinuous, and we provide an analogous setting to the usual continuity definition.

Definition 2.4.2 (Continuity of Set-Valued Mappings). Let S : Rd1 ⇒ Rd2 be a

set-valued mapping.

• (1) We say S is outer semicontinuous at x if for any convergence sequences

(xk, yk)→ (x, y) inside the graph (i.e. yk ∈ S (xk)), we have y ∈ S (x).

• (2) We say S is inner semicontinuous at x if for any y ∈ S (x) and sequence

xk → x, there exists some convergent sequence yk → y such that yk ∈ S (xk).

• (3) We say S is continuous at x if it is both outer and inner semicontinuous.
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CHAPTER 3

PROXIMAL BUNDLE METHOD

In this chapter, we will describe the proximal bundle method, one of the

optimization algorithms for black-box optimization of nonsmooth functions.

In Sections 3.1 and 3.2, we introduce two separate formulations of the prox-

imal bundle method: ε-steepest descent and the cutting plane method. We then

describe how these two formulations are related to each other using a duality

argument in Section 3.3. Finally in Section 3.4, we present some experiments

comparing the performance of proximal bundle method to other optimization

algorithms that work on nonsmooth functions.

For a more detailed introduction to proximal bundle method, the interested

reader is referred to [11, Chapter XIII, XIV, XV, XVI].

3.1 ε-Steepest Descent

We start by introducing a dual formulation of the the proximal bundle method,

the ε-steepest descent algorithm. This algorithm can be thought of as an exten-

sion of the line search method for subgradient descent.

3.1.1 Extending Line Search to Subgradient Methods

Motivation (Line Search for Gradient Descent). Recall that in smooth optimiza-

tion, one of the most widely used algorithm is the gradient descent algorithm:

If we want to solve the problem min
x∈Rn

f (x) with differentiable f : Rn → R, we can
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perform the iteration

xk+1 = xk − αk∇ f (xk)

where αk is a step size to be determined in each step.

In cases where f is Lipschitz continuous with constant L, we can simply

pick the fixed step size αk = 2
L , and this guarantees convergence of gradient

descent. However in practice, even if the objective function is indeed Lipschitz

continuous, we often do not know the Lipschitz constant to set up the step size

in advance. In this case, we will apply a line search to the step size, where we

approximately solve the problem

min
α

f (xk − α∇ f (xk))

and set αk to be the approximate solution. Under certain conditions on the ap-

proximate solution (for example, the Armijo-Wolfe condition [7]), we can guar-

antee that the algorithm converges.

A natural question that we may ask here is the following:

Question. Is it possible for us to apply line search to subgradient descent?

To answer this question, we will first set up subgradient descent in an anal-

ogous framework as gradient descent. Our goal is now to solve min
x∈Rn

f (x) with

convex f : Rn → R ∪ {∞} that is not necessarily differentiable. The subgradient

method performs the iteration

xk+1 = xk − αkgk where gk ∈ ∂ f (xk).

Here we observe that unlike the gradient, the subgradient gk is not necessarily

unique. For simplicity, we will just consider picking the shortest subgradient

gk = ∂0 f (xk).
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While it is tempting to continue mimicking the step of applying line search

to find αk for each shortest gradient, it turns out that even with exact line search,

the algorithm will not necessarily output the optimal solution, as shown in the

following example.

Example (Subgradient Method with Line Search May Fail on Nonsmooth Prob-

lems). To illustrate a scenario where line search on shortest subgradients may fail, we

consider the function

f (u, v) =


√

u2 + 2v2 , if u ≥ |v|2

1
3 (u + 4|v|) , otherwise

which is illustrated in Figure 3.3 (a). We can see that the function has minimum −∞

when we pick v = 0 and let u→ −∞.

Figure 3.1: Illustration of Pathological Function and Iterates for Subgradi-
ent Method with Line Search

(a) 3D plot of pathological function that

we want to apply line search on. Note

the linear “valley” of the function when

v = 0, u < 0, which has different proper-

ties from the region with u ≥ 0.

(b) 2D plot of iterates of subgradient

method with line search, starting at

(2,−1) (bottom-right point) and mov-

ing toward the left. We see that the

iterates converge to (0, 0).

Now consider the behavior of this function when we run a line search on shortest
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subgradients, beginning at the point (u0, v0) = (2,−1).

We first compute the subgradient set at each point:

∂ f (u, v) =



(
u

√
u2+2v2

, 2v
√

u2+2v2

)
, if u > |v|

2(
1
3 ,

4
3 sign(v)

)
, if u ≤ |v|2 and v , 0

1
3 × [−1, 1] , if u ≤ |v|2 and v = 0

and thus the shortest subgradient is given by

g(u, v) =


(

u
√

u2+2v2
, 2v
√

u2+2v2

)
, if u > |v|

2(
1
3 ,

4
3 sign(v)

)
, if u ≤ |v|2

Now starting from (u0, v0) = (2,−1), we can compute the first few iterates of the sub-

gradient method with line search using a computer program. The first 10 iterates are

shown in Table 3.1, and plotted in 3.3 (b). We can see that while the objective value does

decrease throughout the process, the iterates converge to the point (0, 0), which is not

the minimizer of the function.

Iteration u v Objective Value
0 2 -1 2.4494
1 6.6667 ∗ 10−1 3.333 ∗ 10−1 8.164 ∗ 10−1

2 2.2222 ∗ 10−1 −1.111 ∗ 10−1 2.722 ∗ 10−1

3 7.4074 ∗ 10−2 3.7037 ∗ 10−2 9.072 ∗ 10−2

4 2.4690 ∗ 10−2 −1.2347 ∗ 10−2 3.024 ∗ 10−2

5 8.2265 ∗ 10−3 4.1192 ∗ 10−3 1.008 ∗ 10−2

6 2.7455 ∗ 10−3 −1.3697 ∗ 10−3 3.360 ∗ 10−3

7 9.0409 ∗ 10−4 4.6763 ∗ 10−4 1.120 ∗ 10−3

8 3.1312 ∗ 10−4 −1.4371 ∗ 10−4 3.733 ∗ 10−4

9 8.9834 ∗ 10−5 6.12515 ∗ 10−5 1.248 ∗ 10−4

Table 3.1: Table of First 10 Iterates for Subgradient Method with Line
Search in Pathological Example

The main issue with the above counterexample lies in the fact that the sign

function is not continuous at 0, and thus the shortest subdifferential g(u, v) is
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also not continuous around (0, 0). This means the subdifferential at (0, 0) does

not give very useful information about the subdifferential at some nearby point

of (0, 0), and this causes the iterates to become stuck at that point. One remedy

to this problem is to introduce a continuous version of subdifferential, called

ε-subdifferential, which we will discuss in the next section.

3.1.2 The ε-Differential

As motivated by the above section, we will introduce the ε-subdifferential as a

“smoothed” version of the original subdifferential definition.

Definition 3.1.1 (ε-Subdifferential). For any ε > 0, we define the ε-subdifferential

of f at x to be

∂ε f (x) = {y ∈ Rn : ∀z ∈ Rn, 〈y, z − x〉 ≤ f (z) − f (x) + ε}

We then state several useful properties of the ε-subdifferential. Proofs of

these properties can be found in [11, Chapter XIII].

Theorem 3.1.2 (Properties of ε-Subdifferential). The ε-subdifferential satisfies the

following properties:

• (1) Match with subdifferential definition: ∂ε f (x) = ∂ f (x) when ε = 0.

• (2) Monotonicity: The subdifferential set ∂ε f (x) grows with ε.

• (3) Closedness and convexity: ∂ε f (x) is closed and convex.

• (4) Optimality condition: 0 ∈ ∂ε f (x) if and only if x is ε-optimal, i.e. f (x) ≤

inf f + ε.
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We now give a simple example of the ε-subdifferential on the function f (x) =

|x|, which demonstrates how we convert its discontinuous subdifferential into a

continuous counterpart.

Example (ε-Subdifferential of Absolute Value Function). For the absolute value

function f (x) = |x|, its subgradient is given by

∂ f (x) =



1 , if x > 0

[−1, 1] , if x = 0

−1 , if x < 0

We can show that ∂ f is not a continuous set-valued mapping as defined in Definition

2.4.2: If we pick the sequence xk = 1
k and yk ∈ ∂ f (xk), we see that xk → 0 and also

yk = 1 for all k. This means yk → 1, and thus it cannot converge to any other value

in [−1, 1) ⊆ ∂ f (0). This implies ∂ f is not inner semicontinuous, and thus ∂ f is not

continuous.

The ε-subdifferential of f is given by

∂ε f (x) = {y ∈ R : ∀z ∈ R, y(z − x) ≤ |z| − |x| + ε}

WLOG x > 0. Then we have three cases to consider:

• Case 1 (z > x > 0): We have y(z − x) ≤ z − x + ε, so y ≤ 1 + ε
z−x . As z →+ x, this

implies y ≤ 1.

• Case 2 (x > z > 0): We again have y(z− x) ≤ z− x + ε, so y ≥ 1 + ε
z−x . As z→+ 0,

this gives y ≥ 1 − ε
x .

• Case 3 (x > 0 > z): We have y(z− x) ≤ −z− x + ε, so y ≥ −1 + ε−2x
z−x . Now if x ≥ ε

2 ,

then picking z →− 0 gives y ≥ 1 − ε
x . Otherwise, if x < ε

2 , then picking z → −∞

gives y ≥ −1.
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In all, we see that we always have max{−1, 1− ε
x } ≤ y ≤ 1. Similarly for x ≤ 0, we must

have −1 ≤ y ≤ min{1,−1 − ε
x }. Thus, the final ε-subdifferential formula is given by

∂ε f (x) =



[1 − ε
x , 1] , if x > ε

2

[−1, 1] , if − ε
2 ≤ x ≤ ε

2

[−1,−1 − ε
x ] , if x < − ε2

Through some lengthy computations, we can verify that the ε-subdifferential is contin-

uous as a set-valued mapping, though this is best illustrated by plotting its region, as

we do in Figure 3.2. We can see that in the ε-subdifferential region on the right, if we

pick any convergent sequence in the x axis, we can always pick points in the y-axis such

that they converge to any target y-value within the region, thus verifying the continuity

of ∂ε f .

Figure 3.2: Illustration of original subdifferential and ε-subdifferential for
f (x) = |x|.

(a) The original subdifferential includes the

red lines.

(b) The ε-subdifferential is the region be-

tween the red lines, which is indeed a

“smoothed” version of the original subdif-

ferential on the left.

We now introduce smoothed versions of directional derivative in Definition
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2.3.1, and also state a corresponding version of the max formula in Theorem

2.3.2.

Definition 3.1.3 (ε-Directional Derivative).

f ′ε (x; d) := inf
t>0

f (x + td) − f (x) + ε

t

Theorem 3.1.4 (Max Formula for ε-Directional Derivative). The ε-subdifferential

and ε-directional derivative are related in the following way:

f ′ε (x; d) = max
y∈∂ε f (x)

〈y, d〉

Given the above tools, we are now ready to state the statement of the ε-

steepest descent algorithm in the next section.

3.1.3 ε-Steepest Descent Algorithm

In this section, we illustrate how we can modify the subgradient descent algo-

rithm such that it works with the ε-subdifferential. We start by defining the

descent direction to be the opposite direction of the shortest ε-subgradient.

Definition 3.1.5 (ε-Steepest Descent Direction). We define the ε-steepest descent

direction of f at x to be

dε = −pro j∂ε f (x)(0)

We now present the ε-steepest descent algorithm, which performs line search
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on the above descent direction at each step.

Algorithm 1: ε-Steepest Descent Algorithm
Input: Error tolerance ε, maximum iteration max iter, initial iterate x0

k = 0

while k <= max iter do
dk = −pro j∂ε f (xk)(0)

if dk = 0 then
break

else
Apply line search to find tk = min

t>0
f (xk + tdk)

xk+1 = xk + tkdk

end

k = k + 1
end
return xk

Theorem 3.1.6 (Convergence of ε-Steepest Descent). Each step of ε-steepest descent

decreases the objective value by ε, i.e. we have

f (xk+1) < f (xk) − ε

Thus, if the above algorithm is allowed to run indefinitely, it will terminate at some x′

with f (x′) −min f ≤ ε, thus within ε of optimal objective value.

Proof. From the max formula in Theorem 3.1.4, we know that

inf
t>0

f (xk + tdk) − f (xk) + ε

t
= f ′ε (xk; dk) = max

y∈∂ε f (x)
〈y, dk〉 = −‖dk‖

2 < 0

Now if t∗ > 0 achieves the infimum above, we then have

f (xk + t∗dk) < f (xk) − ε − t∗‖dk‖
2 < f (xk) − ε
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and thus

f (xk+1) = min
t>0

f (xk + tdk) ≤ f (xk + t∗dk) < f (xk) − ε

and this proves the theorem. �

Remark. We note that each iteration of the above algorithm requires us to compute the

projection onto ∂ε f (xk). Since ε-subdifferentials are often hard to compute for general

optimization problems, it is difficult to generate a closed form formula for the projection,

thus making the algorithm hard to implement. In the next section, we will discuss ways

to approximate the ε-subdifferential that makes the projection step easier.

3.1.4 Bundle Iteration

We now present the bundle iteration, an important tool that allows us to “ap-

proximate” an arbitrary set Q via another set P (typically a polytope that is easy

to analyze and compute with). Let us assume that we are given a set Q ⊆ Rn

that is nonempty, compact and convex. Our goal is to decide if 0 ∈ Q. (Note that

once we know how to do this, we can also decide whether q ∈ Q for arbitrary q,

based on translation.)

The algorithm requires the following oracle:

Assumption (Oracle for Bundle Iteration). We assume that we have an oracle that

does the following: For set Q and any input p ∈ Rn, the oracle either finds q ∈ Q such

that 〈p, q〉 ≤ 0, or determines that such q does not exist.
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With the above oracle, we can now present the bundle iteration algorithm:

Algorithm 2: Bundle Iteration
Input: A point q0 ∈ Q, maximum iteration max iter

Algorithm: P = {q0}

k = 0

result = False

while k <= max iter do
p = pro jP(0)

Call oracle with set P and input p

if oracle finds q then
P = conv(P, q)

else
result = True

break
k = k + 1

return result

Theorem 3.1.7 (Guarantees for Bundle Iteration). The bundle iteration will termi-

nate (i.e. oracle returns non-existence of q in finite iterations) if and only if 0 < Q.

Proof. We will prove the contrapositive of the statement.

(1) One direction of this is easy: If 0 ∈ Q, then the oracle can repeatedly pick

q = 0 that always satisfies 〈p, q〉 ≤ 0, so the algorithm would never terminate.

(2) For the other direction, assume that the bundle iteration does not termi-

nate. Then, we get a sequence of polytopes {Pk} with corresponding shortest

vectors {pk}. We also note from construction that Pk is a convex combination of

points in Q, and this combined with Q being convex gives Pk ⊆ Q for all k.

From bundle iteration construction, each Pk+1 contains pk and some qk ∈ Q
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satisfying 〈pk, qk〉 ≤ 0. Moreover, since pk+1 is the shortest vector in Pk+1, we have

‖pk+1‖ ≤ ‖pk‖. Thus, the sequence {‖pk‖}k is decreasing and bounded below by 0,

so it converges.

Also, from characterization of pk+1 as shortest vector, we have

〈pk+1, pk − pk+1〉 ≥ 0⇐⇒ 〈pk+1, pk〉 ≥ ‖pk+1‖
2

〈pk+1, qk − pk+1〉 ≥ 0⇐⇒ 〈pk+1, qk〉 ≥ ‖pk+1‖
2

Thus, we have as k → ∞,

‖pk − pk+1‖
2 = ‖pk‖

2 + ‖pk+1‖
2 − 2〈pk+1, pk〉 ≤ ‖pk‖

2 − ‖pk+1‖
2 → 0

‖pk+1‖
2 ≤ 〈pk+1, qk〉 ≤ 〈pk+1 − pk, qk〉 ≤ ‖pk+1 − pk‖ · ‖qk‖ → 0

as ‖qk‖ is bounded from Q being compact. This proves that pk → 0. Since Q is

closed with pk ∈ Pk ⊆ Q, we know that the limit point 0 satisfies 0 ∈ Q.

�

3.1.5 ε-steepest descent algorithm with bundle approximation

We now design a approximated version of the ε-steepest descent algorithm

based on the bundle iteration. Our goal is again to minimize a function f , which

we assume to be proper, convex and continuous. The algorithm keeps track of

an iterate x and a polytope approximation P of Q. The main iteration performs

two types of steps: If ε-steepest descent on the approximation P gives sufficient

decrease, we perform a serious step where x is updated; otherwise, we perform
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a null step where x is kept the same but P is updated to better approximate the

set Q. The algorithm is shown below:

Algorithm 3: ε-steepest descent with bundle iteration
Input: A point q0 ∈ Q, initial iterate x0, maximum iteration max iter

Algorithm: P0 = {q0}

k = 0

while k <= max iter do
dk = −pro jPk(0)

Apply line search to find tk = min
t>0

f (xk + tdk)

if f (xk + tkdk) < f (xk) − ε then
xk+1 = xk + tkdk

Pick Pk+1 = {gk+1} for some gk+1 ∈ ∂ f (xk+1)

else
xk+1 = xk

Call bundle iteration with set Pk

if bundle iteration terminates with output q then
Pk+1 = conv(Pk, {q})

else
break

k = k + 1
return xk

The serious step with steepest descent is similar to what we have done in the

original ε-steepest descent algorithm, so our analysis mainly focus on the null

step. We want to ensure that (1) whenever f (xk) > min f + ε, the bundle iteration

can always find a vector q and (2) we only need to perform a finite number of

null steps before the next serious step. These two properties are formulated and

proven in the two theorems below:

Theorem 3.1.8 (Existence of Solution to Bundle Iteration). Assume that we have
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f ′ε (x; d) ≥ 0. Then there exists some q ∈ ∂ε f (x) with 〈p, q〉 ≤ 0, so the oracle can output

some q such that we can perform the bundle iteration.

Proof. Let t > 0 be the parameter that minimizes 1
t ( f (x + td) − f (x) + ε).

Step 1 (Applying convexity of f ): Since f is convex, we know that the func-

tion

g(s) = ( f (x + sd) − f (x) + ε) −
s
t

( f (x + td) − f (x) + ε) ≥ 0

is also convex, and is minimized at s = t.

Step 2 (Simplifying the optimality conditions): From optimality condition

(Theorem 2.2.4 (3)), we have 0 ∈ ∂g(t), so

0 ∈ ∂
(

f (x + · d) − f (x) + ε −
·

t
( f (x + td) − f (x) + ε)

)
(t)

where the dot above represent the variable that we re taking subdifferential on.

Now we can apply the sum rule of subdifferential (Theorem 2.2.4 (1)) to get

1
t

( f (x + td) − f (x) + ε) ∈ ∂ ( f (x + · d)) (t)

Step 3 (Proving inner product inequality): From the chain rule for subdif-

ferential (Theorem 2.2.4 (2)), we have

∂ ( f (x + · d)) (t) = 〈∇t(x + td), ∂ f (x + td)〉 = 〈d, ∂ f (x + td)〉

Thus, there exists q ∈ ∂ f (x + td) with

〈d, q〉 =
1
t

( f (x + td) − f (x) + ε) = f ′ε (x; d) ≥ 0⇒ 〈p, q〉 = 〈−d, q〉 ≤ 0

from t being the optimal choice and f ′ε (x; d) ≥ 0 being the assumption for enter-

ing the null step.
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Step 4 (Proving containment inside ε-subdifferential): Moreover, since q ∈

∂ f (x + td), we know that

∀z ∈ Rn , 〈z − (x + td), q〉 ≤ f (z) − f (x + td)

Also, we know that

−t〈d, q〉 ≤ 0 ≤ f (x + td) − f (x) + ε

and summing the above two inequalities gives

∀z ∈ Rn , 〈z − x, q〉 ≤ f (z) − f (x) + ε

and thus q ∈ ∂ε f (x), so there is indeed at least one choice of q that the bundle

iteration can output. �

Theorem 3.1.9 (Finite Null Steps between Serious Steps). Assuming that f (x) >

inf f + ε, so the current iterate is not within ε of the optimal value (and thus a serious

step can be performed). Then we can only perform a finite number of null steps before

we perform the serious step.

Proof. Since f (x) > inf f + ε, we know that 0 < ∂ε f (x). Thus, we know that the

bundle iteration applied to Q = ∂ε f (x) and initial polytope P = {g} for some

g ∈ ∂ f (x) ⊆ Q must terminate in finite number of steps.

At the point where the bundle iteration terminates, we have some direction

p such that for any q ∈ Q, we have 〈p, q〉 > 0. This means if we pick d = −p, then

〈d, q〉 < 0 for any q ∈ ∂ε f (x).

We know from Step 3 in the proof of above Theorem 3.1.8 that we can write

f ′ε (x; d) = 〈d, q0〉 for some q0 ∈ ∂ f (x+td) ⊆ ∂ε f (x). This means we have f ′ε (x; d) < 0.
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Thus, at the beginning of the next iteration of the algorithm, we will perform

the serious step, and thus the number of null steps is finite before we get to a

serious step. �

Remark. One thing to note about the above theorem is that the number of null steps

between serious steps depends on the number of bundle iterations needed, and there is

no explicit upper bound on this number for the general setting. This makes it relatively

hard to estimate the worst case bound for this algorithm - which is only possible for

specific simple objective functions f .

In the next section, we will consider an alternate, primal way of interpreting

the proximal bundle methods via cutting planes.

3.2 Cutting Plane Method

This section discusses a primal formulation of the bundle method via cutting

planes, which dates back to 1960 in the paper [3].

3.2.1 Cutting Plane Method

The setting of cutting plane method is similar to what we have in the previous

case: We would like to minimize convex f : Rn → R over closed convex X ⊆ Rn.

We have access to an oracle that takes input x ∈ X and outputs a subgradient

∂ f (x).

Our first goal here is to define what a “cutting plane” is in this setting. Given

any (x j, g j) with g j ∈ ∂ f (x j), we can construct a plane h j : X → R given by the
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equation

h j(x) = f (x j) + 〈g j.x − x j〉

From definition of subgradient, we know that

∀x ∈ X , f (x) ≥ f (x j) + 〈g j.x − x j〉 = h j(x)

and thus we know that h j(x) gives a lower bound of the function f (x).

This means if we take the maximum of several such cutting planes, we

would get a lower bound of f that becomes a better approximation as we in-

crease the number of cutting planes. Thus, if we are given points x0, . . . , xk ∈ X

with subgradients g0, . . . , gk, then we can consider the cutting plane model of

the function:

fk(x) = max
0≤ j≤k

h j(x) = max
0≤ j≤k

{
f (x j) + 〈g j, x − x j〉

}
Given the above model, a natural choice is for each iterate to be the min-

imizer of the model generated by the previous iterates. This is given by the

following linear programming problem:

min
x∈X

max
0≤ j≤k

{
f (x j) + 〈g j, x − x j〉

}
⇐⇒

min
x∈X,y∈R

y

s.t. y − 〈g j, x〉 ≥ f (x j) − 〈g j, x j〉

(3.1)
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With the above component, we can derive the following algorithm.

Algorithm 4: Cutting Plane Method
Input: Initial iterate x0 ∈ X, maximum iteration max iter

Algorithm:

k = 0

result = False

while k <= max iter do
Solve the Linear Program (3.1), and let xk+1 be its solution

Find gk+1 ∈ ∂ f (xk+1)

k = k + 1
return result

We show convergence of the above algorithm in the following theorem.

Theorem 3.2.1 (Convergence of Cutting Plane Method in Limit Point). If f is

continuous, then any limit point of {xk} generated by the above cutting plane method

minimizes f over X.

Proof. We know that the model satisfies

∀x ∈ X , fk(x) = max
0≤ j<k
{ f (x j) + 〈g j, x − x j〉} ≤ f (x) (3.2)

Hence, for all 0 ≤ j < k, we have

f (x j) + 〈g j, xk − x j〉 ≤ fk(xk) ≤ fk(x) ≤ f (x)

where first inequality comes from definition of maximum function, second

comes from optimality of xk, and third inequality comes from (3.2) above.

Since fk ≤ fk+1 (as we are taking maximum of more functions), we know that

the minimizer also has increasing values, i.e. fk(xk) ≤ fk+1(xk+1), so { fk(xk)} is a

non-decreasing sequence.
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Suppose xk → x as k → ∞ in a subsequence K ⊆ N. Set x = x. Then { fk(xk)}

is bounded above by f (x), thus converges. Moreover, for j → ∞ with k > j ∈ K,

we have

lim
k→∞

( f (x j) + 〈g j, xk − x j〉) ≤ lim
k→∞

fk(xk) ≤ f (x)

By continuity of f , we have f (x j)→ f (x), with the subgradients g j uniformly

bounded, and thus xk − x j → 0. This implies lim
k→∞

fk(xk) = f (x), since both sides of

the above inequality are equal to f (x).

Since fk ≤ f , fk(xk) ≤ f (x∗) for optimal solution x∗, and the above implies

f (x) ≤ f (x∗), so we must have equality and thus x being an optimal solution. �

Remark. The algorithm above is unstable since we are only guaranteed that the limit

point of the sequence converges, yet the original sequence may not converge. To avoid

this problem, we will consider a proximal version of this method in the next section.

3.2.2 Proximal Cutting Plane Method

In this section, we consider the a proximal version of the cutting plane method

above, with the intention of making the obtained sequence {xk} itself converge

to a minimizer of f .

We start by defining some basic notions of proximal method:

Definition 3.2.2 (Moreau Envelope and Proximal Operator). For convex function

f : Rn → R and closed, convex set X ⊂ Rn, we define its Moreau envelope of f at y as

the minimum of the following optimization problem

fρ(y) = min
x∈X

{
f (x) +

ρ

2
‖x − y‖2

}
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and we define the proximal operator of f at y as one such x that achieves the minimum:

prox f (y) = arg min
x∈X

{
f (x) +

ρ

2
‖x − y‖2

}
where in both definitions, ρ > 0 is a regularization parameter.

The well-known proximal point method performs the following iteration

xk+1 = prox f (xk)

and for closed convex proper f , any fixed point of the proximal operator is also

the minimizer of f , so any algorithm that finds the fixed point of this map would

give the minimizer. Thus, if we have a closed form for the proximal map, then

we can compute its minimizer easily.

However, for general functions the proximal operator does not have a closed

form formula. In this case, we need to approximate f in the objective by a simple

function that allows us to perform the proximal method.

Given the above idea, we design our algorithm via several steps:

Step 1 (Approximation of Proximal Point Method): Motivated by the cut-

ting plane method, we can approximate f using the cutting plane approxima-

tion fk, and this gives us an approximate iterate of the form:

zk+1 = prox fk(xk) = arg min
x∈X

{
fk(x) +

ρ

2
‖x − xk‖

2
}

= arg min
x∈X

{
max
0≤ j≤k
{ f (x j) + 〈g j, x − x j〉} +

ρ

2
‖x − xk‖

2
}

= arg min
x∈X

max
0≤ j≤k

{
f (x j) + 〈g j, x − x j〉 +

ρ

2
‖x − xk‖

2
}

To save computation, we note that the constraints in fk(x) = max
0≤ j≤k
{ f (x j)+〈g j, x−x j〉}

are not necessarily all needed in the model. If we denote Jk ⊆ {0, 1, · · · , k} as the
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actual active constraints, then we can write

zk+1 = arg min
x∈X

max
j∈Jk

{
f (x j) + 〈g j, x − x j〉 +

ρ

2
‖x − xk‖

2
}

and we can further rewrite this in terms of a quadratic program:

min
x∈X,τ∈R

τ +
ρ

2
‖x − xk‖

2

s.t. τ ≥ f (x j) + 〈g j, x − x j〉 ∀ j ∈ Jk

(3.3)

Step 2 (Designing ε-Optimality Condition): Our next goal is to find a con-

dition to determine that we are within ε of the optimal solution. To motivate

this, recall that our final goal is to find some xk with

f (xk) − f (x∗) < ε

where x∗ is one solution that achieves the minimum. Since we have f ≥ fk, and

x∗ and zk+1 minimizes the two functions respectively, we have f (x∗) ≥ fk(zk+1).

This implies once we have the condition

f (xk) − fk(zk+1) < ε

then we are guaranteed that we are within ε of the true solution.

Step 3 (Sufficient Descent Condition, Serious and Null Step): Finally, to

ensure that our solution gives sufficient descent, we will check the following

condition:

f (zk+1) ≤ f (xk) − β ( f (xk) − fk(zk+1))

Note that this implies

f (xk) − f (zk+1) ≥ β ( f (xk) − fk(zk+1)) ≥ βε
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Thus, if the above condition hold, we will perform the serious step of updating

xk+1 = zk+1, and this will give a improvement of at least βε. Otherwise, we will

keep xk+1 = xk and improve the approximation.

Step 4 (Constraint Update): At the end of each step, we compute gk+1 ∈

∂ f (xk+1), and generate a new cutting plane

hk+1(x) = f (xk+1) + 〈gk+1, x − xk+1〉

We then update the constraint set to contain this new cutting plane, and all old

cutting planes that pass through the minimum (xk+1, fk(xk+1)), as these are the

only cutting planes that may pass through the minimum of the newly generated

fk+1(x).
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Combining all the above steps give the following algorithm [9]:

Algorithm 5: Proximal Cutting Plane Method
Input : Initial point x0 ∈ X, subgradient g0 ∈ ∂F(x0), proximal

parameter ρ, descent parameter β ∈ (0, 1), precision ε > 0

Initialize: Current index k ← 1, Iterate z0 ← x0, Active index set J0 = {0}

repeat

// Proximal Update

Compute zk+1 = prox fk
(xk) from quadratic programming

// Check ε-optimality

if f (xk) − fk(zk+1) ≤ ε then
break

else

// Serious and Null Step

if f (zk+1) ≤ f (xk) − β( f (xk) − fk(zk+1)) then
xk+1 = zk+1

else
xk+1 = xk

// Update constraint set and cutting plane

Compute subgradient gk+1 ∈ ∂ f (xk+1) using the oracle

Jk+1 = {k + 1} ∪ { j ∈ Jk : f (z j) + 〈g j, zk+1 − z j〉 = fk(zk+1)}

Define fk+1(x) = max
j∈Jk+1
{ f (z j) + 〈g j, x − z j〉}

k = k + 1
end;
return xk
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3.3 Relation between Two Formulations

In this section, we will reveal the relationship between ε-steepest descent with

bundle iteration (Algorithm 3) and the proximal cutting plane method (Algo-

rithm 5). The two algorithms are similar in the sense that they share the struc-

ture of two types of steps - serious steps where we have guaranteed sufficient

descent, and null steps where we improve the approximation. This section gives

a sketch of ideas for showing that the proximal cutting plane method is in some

sense also an ε-steepest descent algorithm, where we keep track of iterates xk

and an approximation Pk of Q = ∂ε f (xk). This relationship suggests why these

ideas combined give the name “proximal bundle method”.

Step 1 (Setting up notation): We will start from the proximal cutting plane

method and set up some additional notation. Let us denote the error of the

cutting plane generated by x j at target point xk to be

p j = f (xk) − f (x j) − 〈g j, xk − x j〉 ≥ 0

Practically, we can rewrite this in the following form

f (xk) + 〈g j, x − xk〉 + p j = f (x j) + 〈g j, x − x j〉

We will also denote dk = x − xk to be the descent direction in which we move

toward the next iterate.

Recall that in the proximal cutting plane formulation, we defined zk+1 =

prox fk(xk) to be the solution of the problem

argmin
x∈X,τ∈R

τ +
ρ

2
‖x − xk‖

2

s.t. τ ≥ f (x j) + 〈g j, x − x j〉 ∀ j ∈ Jk
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Step 2 (Simplification of notation): We first rewrite the above problem in

terms of error p j and descent direction dk.

argmin
x∈X,τ∈R

τ +
ρ

2
‖x − xk‖

2

s.t. τ ≥ f (x j) + 〈g j, x − x j〉 ∀ j ∈ Jk

⇐⇒

argmin
dk∈X+xk ,τ∈R

τ +
ρ

2
‖dk‖

2

s.t. τ ≥ 〈g j, dk〉 + p j ∀ j ∈ Jk

where we incorporated the constant f (xk) into τ.

Step 3 (Conversion to dual problem): Now consider the Lagrangian dual

problem of the right optimization problem above:

max
λ≥0

min
dk∈X+xk ,τ∈R

τ +
ρ

2
‖dk‖

2 +
∑
j∈Jk

λ j

(
〈g j, dk〉 − p j − τ

)
Step 4 (Completing the square): Now we can complete the square for the

quadratic dual objective as

ρ

2

‖dk‖
2 +

∑
j∈Jk

2λ j

ρ
〈g j, dk〉

 −∑
j∈Jk

λ j p j +

1 −∑
j∈Jk

λ j

 τ
=
ρ

2

∥∥∥∥∥∥∥dk +
1
ρ

∑
j∈Jk

λ jg j

∥∥∥∥∥∥∥
2

+

1 −∑
j∈Jk

λ j

 τ − 1
2ρ

∥∥∥∥∥∥∥∑j∈Jk

λ jg j

∥∥∥∥∥∥∥
2

−
∑
j∈Jk

λ j p j

Step 5 (Optimal values for dk and λ):

• From the Lagrange conditions, we know that we must have
∑
j∈Jk

λ j = 1.

• Moreover, the optimal descent direction is dk = − 1
ρ

∑
j∈Jk

λ jg j, a weighted

average of subgradients g j.

• With the above choices, the optimization problem reduces to

min
λ∈∆k

∑j∈Jk

λ j p j +
1

2ρ

∥∥∥∥∥∥∥∑j∈Jk

λ jg j

∥∥∥∥∥∥∥
2


where ∆k = {λ ≥ 0 :
∑
j∈Jk

λ j = 1, λl = 0 for l < Jk}.
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Step 6 (Conversion back to primal problem): If we apply duality again on

the above problem, we get

min
λ∈∆k


∥∥∥∥∥∥∥∑j∈Jk

λ jg j

∥∥∥∥∥∥∥ :
∑
j∈Jk

λ j p j ≤ ε


for some ε > 0 that depends on ρ. This means if we define

Pk
ε =

∑
j∈Jk

λ jg j : λ ∈ ∆k,
∑
j∈Jk

λ j p j ≤ ε


Then we have −ρdk ∈ Pk

ε being the shortest vector in Pk
ε , so zk+1 = xk +dk is indeed

a point that can be picked from line search in the opposite direction of −ρdk.

Thus, each zk can be thought of as generated via a line search in the direction dk,

which is the shortest vector in the approximation Pk
ε of ∂ε f (xk).

Step 7 (Containment of Pk
ε in ε-subdifferential): we finally verify the as-

sumption Pk
ε ⊆ ∂ε(xk) used in the analysis of ε-steepest descent of bundle itera-

tion.

• Since g j ∈ ∂ f (x j), we know that ∀x ∈ X, we have f (x) − f (x j) ≥ 〈g j, x − x j〉,

so

f (xk) − f (x) − 〈g j, xk − x〉 ≤ f (xk) − f (x j) − 〈g j, xk − x j〉

• Now suppose y ∈ Pk
ε , then we can write y =

∑
j∈Jk

λ jg j for some λ ∈ ∆k with∑
j∈Jk

λ j p j ≤ ε. This implies

f (xk) − f (x) − 〈y, xk − x〉 = f (xk) − f (x) −
〈∑

j∈Jk

λ jg j, xk − x
〉

=
∑
j∈Jk

λ j

(
f (xk) − f (x) − 〈g j, xk − x〉

)
≤

∑
j∈Jk

λ j

(
f (xk) − f (x j) − 〈g j, xk − x j〉

)
=

∑
j∈Jk

λ j p j ≤ ε

and thus 〈y, x− xk〉 ≤ f (x)− f (xk) + ε, so y ∈ ∂ε f (xk). This shows Pk
ε ⊆ ∂ε f (xk).
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3.4 Experiment: Min-Max Problem with Quadratic Objectives

In this section, we verify the empirical performance of the proximal bundle

method by comparing it to several other baseline methods for nonsmooth op-

timization, specifically the subgradient method, prox-linear method and the

BFGS method.

We will look at a specific example of optimization problem, given by the

minimization of the maximum of a set of quadratic functions:

min
x∈Rn

f (x) for f (x) = max
1≤i≤m

fi(x) = max
1≤i≤m

{
1
2

x>Aix + b>i x
}

where each Ai ∈ R
n×n is positive semidefinite, and each bi ∈ R

n is a positive

vector.

Our first goal is to design an oracle for the subgradient of this objective, as

this will be used by the optimization method. Specifically, we have

fi(x) =
1
2

x>Aix + b>i x⇒ ∇ fi(x) = Aix + bi

and thus we can design the oracle for ∂ f (x) as follows: The oracle first finds one

index 1 ≤ i ≤ m that maximizes x>Aix + b>i x (if there are many, it will output an

arbitrary one). It then outputs the subgradient as ∇ fi(x) = Aix + bi.

We now briefly describe several baseline methods that will be compared

with the proximal bundle method.
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3.4.1 Baseline Method: Subgradient Method

We start by looking at one of the simplest nonsmooth optimization optimization

algorithms, the subgradient descent algorithm, with the iteration

xk+1 = xk − αkgk

for gk ∈ ∂ f (xk) being a subgradient. Here we will choose the step size based on

the nonsummable diminishing step length rule: αk =
γk
‖gk‖2

with γk = 1
k .

Algorithm 6: Subgradient Method for Min-Max Problem
Input: Initial iterate x0 ∈ X, maximum iteration max iter

Algorithm: k = 0

while k <= max iter do
xk+1 = xk −

1
k‖gk‖2

gk

k = k + 1
return xk

3.4.2 Baseline Method: Prox-linear Method

The prox-linear method [5] is an algorithm that is used to solve composite opti-

mization problems, of the form

inf
x∈Rn

g(H(n))

where H : Rn → Rm being C2-smooth and g : Rm → R convex and finite.

The algorithm is an iterative method that performs the following update:

xk+1 = arg min
x∈Rn

{
g
(
H(xk) + ∇H(xk)>(x − xk)

)
+
λ

2
‖x − xk‖

2
}

36



To apply this to the min-max problem, we will define

g


x1

...

xm

 = max
i=1,··· ,m

xi,H(x) =


f1(x)
...

fm(x)


Then our prox-linear algorithm would simplify to

xk+1 = arg min
x


g


f1(xk) + ∇ f1(xk)>(x − xk)

...

fm(xk) + ∇ fm(xk)>(x − xk)

 +
λ

2
‖x − xk‖

2


= arg min

x

{
max

i=1,··· ,m

{
fi(xk) + ∇ fi(xk)>(x − xk)

}
+
λ

2
‖x − xk‖

2
}

= arg min
x

max
i=1,··· ,m

{
fi(xk) + ∇ fi(xk)>(x − xk) +

λ

2
‖x − xk‖

2
}

Thus, each iteration reduces to solving a quadratic program

min
x

t +
λ

2
‖x − xk‖

2

s.t. t ≥ fi(xk) + ∇ fi(xk)>(x − xk) for i = 1, · · · ,m
(3.4)

And this gives the following algorithm:

Algorithm 7: Prox-linear Method for Min-Max Problem
Input: Initial iterate x0 ∈ X, maximum iteration max iter

Algorithm: k = 0

while k <= max iter do
Solve the Quadratic Program (3.4), and let xk+1 be its solution

k = k + 1
return xk

3.4.3 Baseline Method: BFGS Method

The Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm [7] is an iterative

method for solving nonlinear optimization algorithms. Here we use a nons-
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mooth version of the algorithm proposed in [4].

Algorithm 8: BFGS Method for Min-Max Problem
Input: Initial point x0 ∈ R

n, initial hessian B0 ∈ R
n×n, constant

c1, c2 ∈ [0, 1], maximum iteration max iter

Algorithm: k = 0

while k <= max iter do
pk = −Bk∇ f (xk)

Find approximate solution tk to min
t>0
{ f (xk + tpk)} via line search.

sk = tk pk

if f is not differentiable at xk+1 or ∇ fk+1 = 0 then
break

else
sk = ∇ f (xk+1) − ∇ f (xk)

Bk+1 = Bk +
yky>k
y>k sk
−

Bk sk s>k B>k
s>k Bk sk

k = k + 1
return xk

Here, we used an modified line search procedure, based on the Armijo-Wolfe

conditions: For constants c1, c2 ∈ [0, 1], let

h(t) = f (xk + tpk) − f (xk) , s = lim sup
t→0

h(t)
t

< 0

Then we want our approximate condition to satisfy

• (1) Armijo Condition: h(t) < c1st

• (2) Wolfe Condition: h is differentiable at t with h′(t) > c2s
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and these are reflected in the following line search algorithm:

Algorithm 9: BFGS Line Search
α = 0

β = +∞

t = 1

repeat

if h(t) ≥ c1st then
β = t

else if h′(t) ≤ c2s then
α = t

else
break

if β < +∞ then
t =

α+β

2

else
t = 2α

until;

3.4.4 Proximal Bundle Method

Our implementation of proximal bundle method follows directly from the prox-

imal cutting plane algorithm in Algorithm 5.

3.4.5 Comparison of Results

Again, recall that our goal is to solve the problem

min
x∈Rn

f (x) for f (x) = max
1≤i≤m

fi(x) = max
1≤i≤m

{
1
2

x>Aix + b>i x
}
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where each Ai ∈ R
n×n is positive semidefinite, and each bi ∈ R

n is a positive

vector.

In the experiments below, we pick n = 100, m = 20, and thus consider max-

imum of 20 quadratic objectives with matrices and vectors of size Ai ∈ R
100×100

and bi ∈ R
100. Moreover, we will assume that

20∑
i=1

bi = 0, to ensure that the min-

imum is achieved at x = 0 with optimal value 0. We then run the prox-linear

method, the BFGS method, and the proximal bundle method, each for a maxi-

mum of 100 iterations.

The results are shown in the following table. Graphs of convergence (semi-

log plots of the objective value between the 11-th and 100-th iterate) are shown

on the next page.

Method Optimal Value Time Spent (s)
Subgradient method 1.690 ∗ 102 0.188
Prox-linear method 4.070 ∗ 100 88.116

BFGS 9.174 ∗ 10−1 7.933
Proximal bundle method 1.123 ∗ 10−4 213.625

Table 3.2: Table of Results for Running the Methods on Min-Max Problem
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Figure 3.3: Experimental Results on Min-max Problem

(a) Semi-log plot of convergence of subgra-

dient method. While not shown in the first

100 iterations, the convergence becomes sig-

nificantly slower later on.

(b) Semi-log plot of convergence of prox-

linear method. The graph shows linear

convergence that is faster than subgradient

method.

(c) Semi-log plot of convergence of BFGS

method. The flat and steep regions represent

the local property of the function on the op-

timization trajectory.

(d) Semi-log plot of convergence of proxi-

mal bundle method. Here the horizontal re-

gions represent the null steps, and the steep

regions represent the serious steps.

From the above results, we can see that the proximal bundle method gives

the best result under a fixed number of iterations, though it is typically much

slower than the other three methods. If we look deeper into the implementation
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of the proximal bundle method, we can see that the number of constraints in the

quadratic program solved by the proximal bundle method may grow linearly

with the number of iterations. Thus, the proximal bundle method may become

significantly slower when the number of iterations become larger.

This phenomenon motivates us to explore the following question: Assuming

that the later iterates of proximal bundle method may be hard to compute, is it

possible for us to extrapolate more information from a finite set of early iterates

of the proximal bundle method (instead of just keeping track of the last iterate)?

In the next section, we would explore a recent line of work on nonlinear

acceleration methods, an acceleration scheme that finds the best linear combi-

nation of past iterates to improve the convergence rate, and think about how

this may be used to improve the proximal bundle method.
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CHAPTER 4

NONLINEAR ACCELERATION

In this chapter, we describe the regularized nonlinear acceleration algorithm

[10], a general acceleration scheme that accelerate a general optimization algo-

rithm based on the best linear combination of past iterates.

Section 4.1 starts by introducing our problem setting. In Section 4.2, we first

introduce the nonlinear acceleration algorithm without regularization, and we

proceed to describe the regularized version in Section 4.3. The final short Sec-

tion 4.4 is a short discussion on the feasibility and difficulty of applying this

acceleration scheme to the proximal bundle method.

4.1 Problem Setting

We start by defining the setting of nonlinear acceleration. Consider a general

unconstrained optimization problem min
x∈Rn

f (x), for f : Rn → R strongly convex

and Lipschitz continuous.

Our goal is to analyze a black-box algorithm g : Rn → Rn whose fixed-point

is the minimum of f . Specifically, we assume the following properties:

• The fixed point x∗ of g is unique.

• ∇g(x∗) exists and is symmetric.

• ∇g(x∗) � σI for some σ < 1.

To analyze the behavior of g as an iteration map, we would consider its first-
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order Taylor approximation around x∗:

x̃k+1 = g(x̃k) = g(x∗) + ∇g(x∗)(x̃k − x∗) + ek

= x∗ + ∇g(x∗)(x̃k − x∗) + ek

where ek = O(‖xk − x∗‖2) is the second-order error.

In the next section, we will start simple and analyze properties of the linear

approximation

xk+1 = x∗ + ∇g(x∗)(xk − x∗).

4.2 Nonlinear Acceleration for Linear Iterates

As motivated above, we will look at the linear iteration

xk+1 = x∗ + ∇g(x∗)(xk − x∗)

We start by analyzing the convergence rate of the sequence {xk} generated by

this iteration. Let us denote G = ∇g(x∗). Then for any i ∈ N, we have

xi+1 − x∗ = G(xi − x∗)⇒ xi − x∗ = Gi(x0 − x∗)

Thus, the original sequence {xi} satisfies

‖xi − x∗‖ ≤ ‖G‖i‖x0 − x∗‖ ≤ σi‖x0 − x∗‖

and thus converges linearly with rate σ.

We then consider a linear combination
k∑

i=0
cixi of the iterates up to step k. The

error can be written in the form

k∑
i=0

cixi =

 k∑
i=0

ci

 x∗ +

 k∑
i=0

ciGi

 (x0 − x∗)
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If we write p(z) =
k∑

i=0
cizi and assume

k∑
i=0

ci = 1, then we have

k∑
i=0

cixi − x∗ =

 k∑
i=0

ciGi

 (x0 − x∗) = p(G)(x0 − x∗)

Thus, to minimize the norm of the LHS, we just need to find∥∥∥∥∥∥∥
k∑

i=0

c∗i xi − x∗
∥∥∥∥∥∥∥ = min

c∈Rk+1:c>1=1

∥∥∥∥∥∥∥
 k∑

i=0

ciGi

 (x0 − x∗)

∥∥∥∥∥∥∥ = min
p∈Rk[x]:p(1)=1

‖p(G)(x0 − x∗)‖ (4.1)

We now state a theorem on the convergence rate of the best linear combina-

tion iterate c∗.

Theorem 4.2.1 (Convergence Guarantee for Nonlinear Acceleration on Linear

Iteration). Let c∗ ∈ Rk+1 be the optimal solution for the minimization problem in equa-

tion (4.1). Assume that m is the number of distinct eigenvalues of G, and k < m. We

then have the following convergence bound:∥∥∥∥∥∥∥
k∑

i=0

c∗i xi − x∗
∥∥∥∥∥∥∥ ≤ 2βk

1 + β2k ‖x0 − x∗‖

where

β =
1 −
√

1 − σ

1 +
√

1 − σ

Proof. Step 1 (Conversion to min-max problem): Consider the eigenvalue de-

composition G = Q∗ΛQ, then we have

‖p(G)(x0 − x∗)‖2 = ‖Q∗p(Λ)Q(x0 − x∗)‖2

≤ ‖p(Λ)‖2 ‖x0 − x∗‖2 = max
1≤i≤m

|p(λi)| · ‖x0 − x∗‖2

Since 0 � G � σ, we know that 0 ≤ λi ≤ σ. Thus,

min
p∈Rk[x]:p(1)=1

‖p(G)(x0 − x∗)‖2 ≤ min
p∈Rk[x]:p(1)=1

max
λ∈[0,σ]

|p(λ)| · ‖x0 − x∗‖2
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Step 2 (Deriving optimal convergence rate from Chebyshev polynomials):

The above problem reminds us of the definition of Chebyshev polynomials:

Ck(x) = arg min
p∈Rk[x]:p(1)=1

max
x∈[−1,1]

|p(x)|

Indeed, we can rescale x from [−1, 1] to [0, σ], and define

Tk(x, σ) =
Ck(t(x, σ))
Ck(t(1, σ))

where t(x, σ) =
2x − σ
σ

then Tk would solve our shifted problem, with

min
p∈Rk[x]:p(1)=1

max
λ∈[0,σ]

|p(λ)| = max
λ∈[0,σ]

|Tk(λ, σ)| = |Tk(σ,σ)| =
2βk

1 + β2k

with β defined as in the theorem. �

To give some intuition on the new convergence rate β = 1−
√

1−σ
1+
√

1−σ
versus the

original convergence rate σ, we plot the values of them as σ increases. We see

that the new convergence rate is always better than the old one, thus verifying

that we indeed get acceleration via the method.

Figure 4.1: Comparing the two convergence rates. Blue line plots σ and
orange line plots β. We can see that we always have β < σ.

We finally describe how we may compute the optimal weights c∗ - in fact,

this can be done using simple matrix operations instead of the Chebyshev poly-
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nomials. To do this, we recall that we would like to solve∥∥∥∥∥∥∥
k∑

i=0

c∗i xi − x∗
∥∥∥∥∥∥∥ = min

c∈Rk+1:c>1=1

∥∥∥∥∥∥∥
 k∑

i=0

ciGi

 (x0 − x∗)

∥∥∥∥∥∥∥
If we denote ri = xi+1 − xi, then we have

ri = xi+1 − xi = (G − I)Gi(x0 − x∗)

and thus we have∥∥∥∥∥∥∥
k∑

i=0

c∗i xi − x∗
∥∥∥∥∥∥∥ = min

c∈Rk+1:c>1=1

∥∥∥∥∥∥∥
 k∑

i=0

ciGi

 (x0 − x∗)

∥∥∥∥∥∥∥
= min

c∈Rk+1:c>1=1

∥∥∥∥∥∥∥(G − I)−1

 k∑
i=0

ciri


∥∥∥∥∥∥∥

≤ ‖(G − I)−1‖ min
c∈Rk+1:c>1=1

‖Rc‖

Thus, we know that the optimal c satisfies

c∗ = arg min
c∈Rk+1:c>1=1

‖Rc‖2

To find an explicit solution, we apply Lagrange multipliers. Let

g(c, µ) = c>R>Rc + µ(1 − 1>c)

Then we have

∇cg(c, µ) = 2R>Rc − µ1 = 0⇒ c =
µ

2
(R>R)−11

Now to ensure 1>c = 1, we just need to normalize our value of c, so we have

c =
z

k∑
i=0

zi

where z = (R>R)−11

Alternatively, we can write

c∗ =
(R>R)−11

1>(R>R)−11
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Thus, we can compute the best k-th iterate x∗ =
k∑

i=0
c∗i xi via the following algo-

rithm:

Algorithm 10: Nonlinear Acceleration

Requires: Iterates x0, . . . , xk+1;

Algorithm:

ri = xi+1 − xi, R = [r0, . . . , rk]

z = (R>R)−11 c = z/
(

k∑
i=0

zi

)
Output: x∗ =

k∑
i=0

cixi

4.3 Regularized Nonlinear Acceleration for Nonlinear Iterates

In this section, we would like to analysis how the above nonlinear acceleration

algorithm works on nonlinear problems. Numerical issues that are revealed in

the analysis would then lead us to consider a regularized version of nonlinear

acceleration for general problems.

4.3.1 Sensitivity Analysis of Nonlinear Acceleration

Let us set x̃0 = x0, and consider two sequences {x̃k} and {xk}, generated by the

original iteration map and linear approximation:

x̃k+1 = g(x̃k)

xk+1 = x∗ + ∇g(x∗)(xk − x∗)

We will also use the following notations:

ri = xi+1 − xi , r̃i = x̃i+1 − x̃i
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R = [r0, . . . , rk] ∈ Rn×(k+1), R̃ = [r̃0, . . . , r̃k] ∈ Rn×(k+1)

P = R̃>R̃ − R>R

If we apply nonlinear acceleration to the two sequences, we will get respectively

c̃∗ =
(R̃>R̃)−11

1>(R̃>R̃)−11
, c∗ =

(R>R)−11
1>(R>R)−11

We now state a theorem in [10, Proposition 3.1] that allows us to bound the

difference ‖c̃∗ − c∗‖.

Theorem 4.3.1 (Sensitivity of Nonlinear Acceleration). With the above notation,

we have the following bound:

‖c̃∗ − c∗‖ ≤ ‖P‖ · ‖(R>R + P)−1‖ · ‖c∗‖

Now we note that the residual matrix R has the Krylov form

R = [r0,Gr0, . . . ,Gkr0]

and thus the condition number of R grows exponentially as k increases, and so

does its perturbation ‖(R>R + P)−1‖. Thus, directly applying nonlinear acceler-

ation on g would give very different results than on the linear approximation,

and thus may lead to poor convergence bounds. This motivates us to use a

regularization scheme to ensure the norm ‖c̃∗ − c∗‖ does not become arbitrarily

large.

4.3.2 Regularized Nonlinear Acceleration

We now consider adding an additional regularization term to the original prob-

lem in equation (4.2):

c∗ = arg min
c∈Rk+1:c>1=1

‖R̃c‖22 + λ‖c‖22
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To compute its solution, we again find its Lagrange multiplier:

g(c, µ) = c>R̃>R̃c + λc>c + µ(1 − 1>c)

Then we have

∇cg(c, µ) = 2R̃>R̃c + 2λc − µ1 = 0⇒ c =
µ

2
(R̃>R̃ + λI)−11

Now to ensure 1>c = 1, we just need to normalize our value of c, so we have

c =
z

k∑
i=0

zi

where z = (R̃>R̃ + λI)−11

Alternatively, we can write

c̃∗λ =
(R̃>R̃ + λI)−11

1>(R̃>R̃ + λI)−11

and this leads to the following algorithm:

Algorithm 11: Regularized Nonlinear Acceleration

Requires: Iterates x̃0, . . . , x̃k+1;

Algorithm:

r̃i = x̃i+1 − x̃i, R = [r̃0, . . . , r̃k]

z = (R̃>R̃ + λI)−11;

c = z/
(

k∑
i=0

zi

)
;

Output: x∗ =
k∑

i=0
cixi.

We now present some results from [10] on analysis of this algorithm without

proof. First, [10, Proposition 3.2] gives the effect of the regularization term on

the norm of ‖c̃∗ − c∗‖.

Theorem 4.3.2 (Upper Bound on Length of Weight Vector from Regularization).

We have the following upper bounds on norm of weight and difference:

‖c̃∗λ‖ ≤

√
λ + ‖R̃‖2

(k + 1)λ
, ‖c̃∗λ − c∗λ‖ ≤

‖P‖
λ
‖c∗λ‖
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Finally, [10, Proposition 3.5] gives a convergence guarantee for the regular-

ized nonlinear acceleration, based on decomposition of error into several com-

ponents and bounding them one by one:

Theorem 4.3.3 (Convergence Guarantee for Regularized Nonlinear Accelera-

tion). We can decompose the error into the following:
k∑

i=0

(c̃∗λ)i x̃i − x∗ =

 k∑
i=0

(c∗λ)ixi − x∗
︸              ︷︷              ︸

Linear case bound

+

 k∑
i=0

(c̃∗λ − c∗λ)ixi

︸              ︷︷              ︸
Stability

+

 k∑
i=0

(c̃∗λ)(x̃i − xi)

︸               ︷︷               ︸
Nonlinearity

Let x be an arbitrary point in Rn, and we denote X,E ∈ Rn×(k+1) with Xi = xi − x,

Ei = x̃i− xi. Let κ = 1
1−σ , and S σ be the maximum of regularized Chebyshev polynomial,

defined by

C∗σ(x, k, α) = arg min
C∈Rk[x]:C(1)=1

max
x∈[0,σ]

C2(x) + α‖C‖2

S σ(k, α) =
√

max
x∈[0,σ]

(C∗σ(x, k, α))2 + α‖C∗σ(x, k, α)‖2

then we have the following bounds:∥∥∥∥∥∥∥
k∑

i=0

(c∗λ)ixi − x∗
∥∥∥∥∥∥∥ ≤ κ

√
S 2
σ(k, λ)‖x0 − x∗‖2 − λ‖c∗λ‖2∥∥∥∥∥∥∥

k∑
i=0

(c̃∗λ − c∗λ)ixi

∥∥∥∥∥∥∥ ≤ ‖X‖‖P‖λ ‖c∗λ‖∥∥∥∥∥∥∥
k∑

i=0

(c̃∗λ)(x̃i − xi)

∥∥∥∥∥∥∥ ≤ ‖E‖
√

k + 1

√
1 +
‖R̃‖2

λ

and combining them gives the upper bound on error for regularized nonlinear accelera-

tion.

4.4 Discussions and Future Work

This section provides some discussion on how we may think about applying

nonlinear acceleration on the proximal bundle method.
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4.4.1 Nonlinear Acceleration of Proximal Methods

First, we observe that for the proximal bundle method, we need to apply the

nonlinear acceleration method on the serious steps only, since these are the steps

that actually update xk.

However, a direct application of the nonlinear acceleration algorithm will

likely not work, since each serious step in the proximal bundle method comes

from a different iteration map:

xk+1 = gk(xk) = prox fk(xk)

where fk is the current approximation model of the function f , that differs in

each serious step. Since the nonlinear acceleration method depends on the it-

eration map being fixed (and that is how we can use an argument based on

powers of gradient and polynomials), we cannot directly apply the method.

One way to ensure that the iteration map is the same throughout the process

is for us to take a step back and consider accelerating the original proximal point

method without approximation:

xk+1 = g(xk) = prox f (xk)

Beyond the brief discussion in [2], one interesting idea in this direction comes

from the paper [6], which applies nonlinear acceleration on the specific instance

of proximal gradient method. We will describe the idea of this below:

Recall that the proximal gradient method is an optimization algorithm that

solves the optimization problem

min
x∈Rn
{ f (x) + g(x)}
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with f smooth and L-Lipschitz, and g proper closed and convex. The proximal

gradient method computes the following recursively:

xk+1 = proxλg(xk − λ∇ f (xk))

We would like to find the fixed point to either of the following:

h1(x) = proxλg(x − λ∇ f (x))

The authors in [6] proposed that instead of applying nonlinear acceleration

directly to the original iteration, it is easier to rewrite the iteration as
yk+1 = xk − λ∇ f (xk)

xk+1 = proxλg(yk+1)

and then consider applying nonlinear acceleration on {yk} instead, to find the

fixed point of the iteration map

h2(y) = proxλg(y) − λ∇ f (proxλg(y))

While this method does not seem to extend naturally to general proximal point

methods, it may be possible to apply a similar idea to other optimization algo-

rithms that has an iteration map that alternates between multiple components.

4.4.2 Manifold Approximation of Proximal Methods

Another idea that may be interesting for future work is analyze how proximal

methods (or other nonsmooth optimization algorithms) can be approximated

by simple optimization algorithms on a local manifold. The idea is motivated

by the following example of proximal point method:
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Example (Example of proximal point method on nonsmooth problem). In this

example, we will consider the optimization problem

min
x∈R2

f (x) with f


uv


 = |u| + v2

This problem has the global minimum 0 achieved at

00
. Our goal is to apply the proxi-

mal point method and see its behavior on this problem.

Step 1: We first simplify the proximal point method computation. Let λ > 0

be the proximal parameter, and x0 =

11
 be the initial iterate. We will denote xλk =

u
λ
k

vλk


to be the k-th iterate. We then haveu

λ
k+1

vλk+1

 = xλk+1 = min
x∈R2

{
f (x) +

λ

2
‖x − xλk‖

2
}

= min
u,v∈R

{
|u| + v2 +

λ

2
(u − uλk)2 +

λ

2
(v − vλk)2

}
Now we can split the above problem into minimizing u and v separately.

Step 2: We then solve the problem for u.

uλk+1 = min
u

{
|u| +

λ

2
(u − uλk)2

}
⇒ 0 ∈ ∂(|u|)(uλk+1) + λ(uλk+1 − uλk)

From subdifferential computation of g(u) = |u|, we have

λ(uλk+1 − uλk) = 1 , if uλk+1 > 0

λ(uλk+1 − uλk) ∈ [−1, 1] , if uλk+1 = 0

λ(uλk+1 − uλk) = −1 , if uλk+1 < 0
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and thus

uλk+1 =



uλk −
1
λ

, if uλk >
1
λ

0 , if uλk ∈ [− 1
λ
, 1
λ
]

uλk + 1
λ

, if uλk <
1
λ

Step 3: We now solve the problem for v.

vλk+1 = min
v

{
v2 +

λ

2
(v − vλk)2

}
⇒ 2vλk+1 + λ(vλk+1 − vλk) = 0

⇒ vλk+1 =
λ

λ + 2
vλk

Step 4: We finally combine all of our results. We have the proximal point se-

quence xλk =

u
λ
k

vλk

 is given by the recursion formulas

uλk+1 =



uλk −
1
λ

, if uλk >
1
λ

0 , if uλk ∈ [− 1
λ
, 1
λ
]

uλk + 1
λ

, if uλk <
1
λ

, and vλk+1 =
λ

λ + 2
vλk

Now if we plug in x0 =

11
, we have

xλk =

max{1 − k
λ
, 0}

( λ
λ+2 )k


Analysis of Iterates: Now if we look at the above iterates, we see that in the first dλk e

iterations, it will take steps that move in both coordinates. After that, the u-coordinate

becomes 0 and stays there, while we continue to move the v-coordinate to become closer

to the optimum.
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Thus, after dλk e iterations, we are essentially minimizing the function on the 1-

dimensional subspace

V =


0v

 : v ∈ R


where the function becomes f


0v


 = v2, which is a smooth function.

The above example illustrates that many nonsmooth optimization problems,

while being nonsmooth on the entire space, can become a smooth problem once

restricted to a submanifold of the space. In fact, as we have seen in Section 3.4.5,

the convergence of nonsmooth optimization algorithms like BFGS depends on

the local properties of the function around a small neighborhood the iterate,

which we can also interpret as a approximation of a manifold.

Based on our above example and discussion, we would like to explore in

the future how we can apply the manifold idea to our acceleration of proximal

methods. The goal is thus two-fold: (1) To develop nonlinear acceleration meth-

ods on simple manifold optimization algorithms, and (2) to understand to what

extent proximal point method and proximal bundle method can be seen as ap-

proximation of manifold optimization algorithms, at least for specific instances

of optimization problems.
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CHAPTER 5
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Minimization Algorithms II: Advanced Theory and Bundle Methods. Springer-

Verlag, 1996.

58


	Acknowledgements
	Table of Contents
	Introduction
	Preliminaries
	Classes of Functions
	Gradients and Subgradients
	Directional Derivative and the Max Formula
	Set-Valued Mappings

	Proximal Bundle Method
	Epsilon-Steepest Descent
	Extending Line Search to Subgradient Methods
	The Epsilon-Differential
	Epsilon-Steepest Descent Algorithm
	Bundle Iteration
	-steepest descent algorithm with bundle approximation

	Cutting Plane Method
	Cutting Plane Method
	Proximal Cutting Plane Method

	Relation between Two Formulations
	Experiment: Min-Max Problem with Quadratic Objectives
	Baseline Method: Subgradient Method
	Baseline Method: Prox-linear Method
	Baseline Method: BFGS Method
	Proximal Bundle Method
	Comparison of Results


	Nonlinear Acceleration
	Problem Setting
	Nonlinear Acceleration for Linear Iterates
	Regularized Nonlinear Acceleration for Nonlinear Iterates
	Sensitivity Analysis of Nonlinear Acceleration
	Regularized Nonlinear Acceleration

	Discussions and Future Work
	Nonlinear Acceleration of Proximal Methods
	Manifold Approximation of Proximal Methods


	Bibliography

